Let S be a hyperbolic Riemann surface. In a finite-dimensional Teichmüller space T (S), it is still an open problem whether the geodesic disk passing through two points is unique. In an infinite-dimensional Teichmüller space it is also unclear how many geodesic disks pass through a Strebel point and the basepoint while we know that there are always geodesic disks passing through a non-Strebel point and the basepoint. In this paper, we answer the problem arising in the universal asymptotic Teichmüller space and prove that there are always infinitely many geodesic disks passing through two points.
points. The geometry is substantially different in an infinite dimensional Teichmüller space (see [4, 17, 18, 19, 24] ). Generally, for a Strebel point, there is a unique geodesic connecting it and the basepoint. The situation on geodesics in the asymptotic Teichmül-ler space is still unclear while Fan [7] gave certain examples to show the nonuniqueness of geodesics in asymptotic spaces.
Another important role in the Teichmüller theory is the geodesic disk which is defined as the image of an isometric embedding from ∆ into the Teichmüller space T (S) with respect to the hyperbolic metric on ∆ and the Teichmüller metric on T (S) respectively. Using holomorphic motion, Earle et al. considered holomorphic geodesic disks containing two points in [5] . In [20] , Li proved that there are always infinitely many geodesic disks passing through a non-Strebel point and the basepoint. So far, we know little information on how many geodesic disks passing through a Strebel point and the basepoint. It is even unknown whether the geodesic disk passing through two points is unique in a finite-dimensional Teichmüller space.
The motivation of the paper is to investigate geodesic disks in the asymptotic Teichmüller space. We characterize the nonuniqueness of geodesic disks in the universal asymptotic space AT (∆) completely. That is, Theorem 1. In the universal asymptotic Teichmüller space AT (∆), there are always infinitely many geodesic disks containing two points.
This paper is organized as follows. In Section 2, we introduce some basic notion in the Teichmüller space theory. In Section 3, an infinitesimal inequality of the asymptotic Teichmüller metric is founded. Theorem 1 is proved in Section 4. A parallel version of Theorem 1 in the infinitesimal setting is obtained in the last section.
The method used here can also be used to deal with some more general cases. However, there are some difficulties in solving the problem in all cases.
. Some Preliminaries

Teichmüller space and asymptotic Teichmüller space
Let S be a Riemann surface of topological type. The Teichmüller space T (S) is the space of equivalence classes of quasiconformal maps f from S to a variable Riemann surface f (S). Two quasiconformal maps f from S to f (S) and g from S to g(S) are equivalent if there is a conformal map c from f (S) onto g(S) and a homotopy through quasiconformal maps h t mapping S onto g(S) such that h 0 = c • f , h 1 = g and h t (p) = c • f (p) = g(p) for every t ∈ [0, 1] and every p in the ideal boundary of S. Denote by [f ] the Teichmüller equivalence class of f ; also sometimes denote the equivalence class by [µ] where µ is the Beltrami differential of f .
The asymptotic Teichmüller space is the space of a larger equivalence classes. The definition of the new equivalence classes is exactly the same as the previous definition with one exception; the word conformal is replaced by asymptotically conformal. A quasiconformal map f is asymptotically conformal if for every ǫ > 0, there is a compact subset E of S, such that the dilatation of f outside of E is less than 1 + ǫ. Accordingly, denote by [[f ] ] or [[µ] ] the asymptotic equivalence class of f .
Denote by Bel(S) the Banach space of Beltrami differentials µ = µ(z)dz/dz on S with finite L ∞ -norm and by M (S) the open unit ball in Bel(S).
For µ ∈ M (S), define
Define h * (µ) to be the infimum over all compact subsets E contained in S of the essential supremum norm of the Beltrami differential µ(z) as z varies over S\E and h([µ]) to be the infimum of h * (ν) taken over all representatives ν of the class [µ] . It is
We say that µ is extremal in
) is due to the definition. The Teichmüller metric d T between two points τ, σ ∈ T (S) is defined as follows:
The asymptotic Teichmüller metric d AT between two points τ , σ ∈ AT (S) is defined by
In particular, the distance between [[µ] ] and the basepoint
Tangent spaces to Teichmüller space and asymptotic Teichmüller space
The cotangent space to T (S) at the basepoint is the Banach space Q(S) of integrable holomorphic quadratic differentials ϕ on S with L 1 −norm
In what follows, let Q 1 (S) denote the unit sphere of Q(S). Moreover, let Q 1 d (S) denote the set of all degenerating sequence {ϕ n } ⊂ Q 1 (S). By definition, a sequence {ϕ n } is called degenerating if it converges to 0 uniformly on compact subset of S.
Two Beltrami differentials µ and ν in Bel(S) are said to be infinitesimally equivalent if
The tangent space Z(S) of T (S) at the basepoint is defined as the set of the quotient space of Bel(S) under the equivalence relations. Denote by [µ] Z the equivalence class of µ in Z(S). The set of all Beltrami differentials equivalent to zero is called the N −class in Bel(S).
Z(S) is a Banach space and actually [11] its standard sup-norm satisfies
[µ] Z := sup
Two Beltrami differentials µ and ν in Bel(S) are said to be infinitesimally asymptotically equivalent if
where the first supremum is taken when {ϕ n } varies over Q 1 d (S). The tangent space AZ(S) of AT (S) at the basepoint is defined as the set of the quotient space of Bel(S) under the asymptotic equivalence relation. Denote by [[µ] ] AZ the equivalence class of µ in AZ(S). The set of all Beltrami differentials equivalent to zero is called the Z 0 −class in Bel(S).
Define b([µ] Z ) to be the infimum over all elements in the equivalence class [µ] Z of the quantity b * (ν). Here b * (ν) is the infimum over all compact subsets E contained in S of the essential supremum of the the Beltrami differential ν as z varies over
We say that µ is (infinitesimally) extremal if [11] .
AZ(S) is a Banach space and its standard infinitesimal asymptotic norm satisfies (see [11] )
Substantial boundary points and Hamilton sequence
Now we define the notion of boundary dilatation of a quasiconformal mapping at a boundary point. For a Riemann surface, the meaning of what is a boundary point can be problematic. However, if S can be embedded into a larger surface S such that the closure of S in S is compact, then it is possible to define the boundary dilatation. From now on, we assume that S is such a surface. Let p be a point on ∂S and let µ ∈ Bel(S). Define
U is an open neighborhood in S containing p} to be the boundary dilatations of µ at p. If µ ∈ M (S), define
to be the boundary dilatations of [µ] Z at p. If we define the quantities
In particular, Lakic [15] proved that when S is a plane domain,
As is well known, µ is extremal if and only if it has a so-called Hamilton sequence, namely, a sequence {ψ n } ⊂ Q 1 (S), such that
Similarly, by Theorem 8 on page 281 in [11] , µ is asymptotically extremal if and only if it has an asymptotic Hamilton sequence, namely, a degenerating sequence {ψ n } ⊂ Q 1 (S), such that
Now, we assume that S is a plane domain with two or more boundary points. Then, the following lemma derives from Theorem 6 on page 333 in [11] :
Lemma 2.1. The following three conditions are equivalent for every boundary point p of S and every asymptotic or infinitesimal asymptotic extremal representative µ:
there exists an asymptotic Hamilton sequence for µ degenerating towards p, i.e., a sequence {ψ n } ⊂ Q 1 (S) converging uniformly to 0 on compact subsets of S\{p}, such that
If one of three conditions in the lemma holds at some p ∈ ∂S, we call p is a substantial boundary point for [ 
. An infinitesimal inequality for asymptotic Teichmüller metric
Theorem 2. Given µ and ν two Beltrami differentials in Bel(S), then we have,
where the first supremum is taken when {φ n } varies over
We have an important corollary.
Corollary 1. Let µ and ν be two asymptotically extremal Beltrami differentials in [[µ]].
If the two geodesics
in other words, µ and ν are infinitesimally asymptotically equivalent.
The corollary is equivalent to Theorem 5.1 in [7] .
To prove Theorem 2, we need the asymptotic fundamental inequality [3, 11] , which is an asymptotic analogue of the well known Reich-Strebel inequality [23] . The Asymptotic Fundamental Inequality. Suppose f is a quasiconformal mapping from S to S µ with µ its Beltrami differential. Let
for all degenerating sequences {φ n } ∈ Q 1 d (S). Proof of Theorem 2. Regard S as ∆/Γ, where Γ is a Fuchsian group. Let µ and ν be two Beltrami differentials in Bel(S). For each t > 0 sufficiently close to zero, there exist two Riemann surfaces S t , R t and two quasiconformal mappings f t = f tµ : S → R t , g t = f tν : S → S t , such that the Beltrami differentials of f t and g t are tµ and tν, respectively. Suppose G t : ∆ → ∆ is the lift of g t with the points 1, i and -1 fixed. We can write S t = ∆/Γ t , where
Let Ω be a fundamental domain of S.
Let ϕ be an element of Q 1 (S) and ϕ(z)dz 2 be the lift of ϕ. Then ϕ satisfies
There is a holomorphic quadratic differential ψ(z)dz 2 ∈ Q(∆) such that the Poincaré series of ψ (see [10] , Chapter 4, Theorem 3)
is equal to ϕ. We define
and (3. 5)
for all γ t ∈ Γ t , respectively. This means that ϕ t (z)dz 2 is a lift of a holomorphic differential ϕ t ∈ Q 1 (S t ). Let Λ t be the composition of f t and g
Denote by λ t the complex dilatation of Λ t . Let µ, ν and λ t be the lifts of µ, ν and λ t , respectively. Then we have
We can find a degenerating sequence
Then every ϕ n corresponds to a ψ n ∈ Q(∆). Let ϕ n t be given by (3. 4). The sequence { ϕ n t } is a lift of a sequence {ϕ n t } in Q 1 (S t ) which is degenerating on S t . The Asymptotic Fundamental Inequality (3. 2) implies 1
equivalently,
Therefore,
Furthermore, we have
We now show that for every n,
We may assume that there is a sequence {t m : t m → 0} such that lim inf
The fact that the Beltrami differential of G t is t ν implies that G t is a good approximation of the identity map id on ∆, and hence there exists a subsequence of {t m }, say, itself, such that G tm converges to id uniformly on ∆ and ∂ z G tm (z) → 1 almost everywhere in ∆ (see [16] ). Thus, (∂ z G tm ) 2 → 1 a.e. in ∆. The fundamental domain Ω tm = G tm (Ω) converges to Ω. ϕ n tm converges to ϕ n uniformly on compact subset of ∆ passing to a subsequence if necessary. (3. 7) follows readily. Thus,
In terms of (3. 6), (3. 1) derives immediately. Theorem 2 is proved. Let SP and ISP denote the collection of all (infinitesimal) substantial points in AT (∆) and AZ(∆), respectively. It is clear that AT (∆)\SP and AZ(∆)\ISP are open and dense in AT (∆) and AZ(∆), respectively.
Let d H (z 1 , z 2 ) denote the hyperbolic distance between two points z 1 , z 2 in ∆, i.e.,
Recall that a geodesic disk in AT (S) is the image of a map Ψ : ∆ ֒→ AT (S) which is an isometric embedding with respect to the hyperbolic metric on ∆ and the asymptotic Teichmüller metric on AT (S), respectively.
We say that µ is a non-Strebel extreml if it is an extremal representative in the nonStrebel point [µ] (or [µ] Z ). Let µ be a non-Strebel extremal with µ ∞ = k ∈ (0, 1). Then the embedding To obtain Theorem 1, we need a series of lemmas. Proof. We only show the first part (1) .
By Theorem 2 on page 296 of [11] , there is an asymptotic extremal representative
In either case, it is easy to verify that ν ∈ [[µ]] and is a non-Strebel extremal.
Lemma 4.2. Let µ ∈ Bel(∆) and p ∈ ∂∆. Then, 
There is a number 
. By the same reason, there is a number n 2 > n 1 + 1, and a Beltrami differential
Following the construction, we get a sequence n j+1 (j ≥ 1), n j+1 → ∞ (j → ∞) and a sequence
Define
Then ν belongs to [[µ]] and is the desired non-Strebel extremal.
Lemma 4.3. Let t 1 and t 2 be two complex numbers and k 1 and k 2 be two real numbers. Then we have
Proof. Without any loss of generality, we may assume that t 1 t 2 = 0. Let k be a real variable and put
.
It is easy to verify that F ′ (k) ≥ 0 as k ∈ (0, 1/ |t 1 t 2 |). Therefore F (k) is an increasing function on (0, 1/ |t 1 t 2 |) and hence (4. 1) holds.
Lemma 4.4. Given k ∈ (0, 1] and s, t ∈ ∆, then
Proof. By Lemma 4.3, we have
On the other hand, Lemma 6.4 on page 75 of [13] indicates that
which implies that Re(s) − Re(t) There is a point q ∈ ∂∆ which is not a substantial boundary point for [[µ] ]. By Lemma 4.2, we may assume h * q (µ) < h in addition. By the definition of boundary dilatation, we can find a small neighborhood B(q) of q in ∆ such that |µ(z)| ≤ ρ < h for some ρ > 0 in B(q) almost everywhere. Therefore for any ζ ∈ ∂∆ ∩ ∂B(q), h * ζ (µ) ≤ ρ. Choose δ(z) ∈ M (∆) such that δ ∞ ≤ β < h − ρ and δ(z) = 0 when z ∈ ∆\B(q). Let Σ be the collection of the complex-valued functions σ defined on ∆ with the following conditions: (A) σ is continuous with σ(0) = 0 and σ(h) = 0, (B)
We claim that Σ contains uncountably many elements. At first, let σ be a Lipschitz continuous function on ∆ with the following conditions, (i) for some small α > 0, |σ(s) − σ(t)| < α|s − t|, t, s ∈ ∆, (ii) σ(0) = 0 and σ(h) = 0, (iii) for some small t 0 in (0, h), σ(t) ≡ 0 when |t| ≥ t 0 , Secondly, we show that when t 0 and α are sufficiently small, σ belongs to Σ, for which it suffices to show that σ satisfies the condition (B). Let t, s ∈ ∆. It is no harm to assume that |t| ≤ |s|. Case 1. |t| ≥ t 0 .
Since σ(s) = σ(t) = 0, by Lemma 4.3, we have
Case 2. |t| < t 0 . Put γ = ρ/h + αβ and choose small α > 0 such that γ < 1. On the one hand, since |σ(t)| ≤ α|t| and |σ(s)| ≤ α|s|, it holds that
On the other hand, we have
When t 0 is sufficiently small, we can get
Therefore, when t 0 and α are sufficiently small, σ satisfies the condition (B).
For a given σ ∈ Σ, define for t ∈ ∆,
and the map
It is obvious that Ψ σ (∆) contains [[µ] ] and the basepoint [[0] ]. We show that Ψ σ is an isometric embedding. It is sufficient to verify that
where d H expresses the hyperbolic distance on the unit disk. Let f s : ∆ → ∆ and f t : ∆ → ∆ be quasiconformal mappings with Beltrami differentials µ s and µ t respectively. It is convenient to assume that t = 0 and s = t. Set F s,t = f s • f −1 t and assume that the Beltrami differential of F s,t is ν s,t . Then a simple computation shows,
where z = f −1 t (w) for w ∈ ∆ and τ = ∂f t /∂f t . We have
, z ∈ B(q).
Since σ ∈ Σ, due to condition (B) we see that restricted on f t (B(q)),
Suppose p ∈ ∂∆ is a substantial boundary point for [[µ] ]. By Lemma 2.1 there is a degenerating Hamilton sequence {ψ n } ⊂ Q 1 (∆) towards p such that
Then, we have
On the other hand, it is easy to see that h([[µ t ]]) = h * (µ t ) = |t| and hence µ t is an asymptotic extremal. Therefore, the Beltrami differential
is also an asymptotic extremal where Secondly, we choose small t 0 in (0, h), small α > 0 and σ ∈ Σ such that σ(t) ≡ 0 whenever |t| ≥ t 0 and σ(t) = αt when t ∈ [0, t 0 /2].
Claim. When α varies in a small range, the geodesic disks Ψ σ (∆) are mutually different.
Let α 1 and α 2 be two small different positive numbers and σ j (t) = α j t when t ∈ [0, t 0 ] (j = 1, 2), respectively. Now, the corresponding expression of equation (4. 3) is
by Theorem 2, the geodesics G 1 and G 2 are obviously different and hence the geodesic disks Ψ σ 1 (∆) and Ψ σ 2 (∆) are different. If fix small α > 0 and let δ vary suitably in M (∆), then we can also get infinitely many geodesic disks as desired.
Fix a boundary point p ∈ ∂∆. Let B(p) = {z ∈ ∆ : |z − p| < r} for small r > 0 and E = ∆\B(p). Define for t ∈ ∆ (4. 9)
We claim that Ψ E is an isometric embedding. It suffices to check the equality:
Using the previous notation, we have
Firstly, it derives readily that restricted on f t (B(p)),
Secondly, Lemma 4.4 indicates that restricted on f t (E),
By a similar argument to Case 1, we can get 
. Geodesic planes in the tangent space
A geodesic plane in AZ(S) is the image of a map Φ : C → AZ(S) which is an isometry with respect to the Euclidean metric on C and the infinitesimal asymptotic metric on AZ(S), respectively.
The infinitesimal version of Theorem 1 is as follows. Theorem 3. In the tangent space AZ(∆), there are always infinitely many geodesic planes containing two points. Choose δ(z) in M (∆) such that (4. 8) holds. Fix a small t 0 in (0, 1). Choose σ ∈ Σ ′ such that σ(t) ≡ 0 whenever |t| ≥ t 0 and σ(t) = αt when t ∈ [0, t 0 /2] where α > 0 satisfying ρ + αβ < 1. Note that when t ∈ [0, t 0 /2], µ t (z) = tµ(z)/h, z ∈ ∆\B(q), tµ(z)/h + tαδ(z), z ∈ B(q).
The geodesic planes Φ σ contain the geodesics G α = {[[µ t ]] : t ∈ [0, 1]} respectively. Due to the equality (4. 8), the geodesics G α are mutually different when α varies in a small range. Therefore, the geodesic planes Φ σ (C) are mutually different.
If fix small α > 0 and let δ vary suitably in M (∆), then we can also get infinitely many geodesic planes as required.
Case 2. [[µ]]
AZ is a substantial point.
Fix a boundary point p ∈ ∂∆. Let B(p) = {z ∈ ∆ : |z − p| < r} for small r > 0 and E = ∆\B(p). Define for t ∈ C We claim that Φ E is an isometric embedding.
Note that (5. 4) µ s − µ t = (s − t)µ(z), z ∈ B(p), (Re(s) − Re(t))µ(z), z ∈ E.
It is easy to check the equality: It remains to show that when r varies in a suitable range, the geodesic planes Φ E (C) are mutually different. Fix t = λi where λ ∈ (0, 1). Since Re(t) = 0, µ t (z) = 0 on E. Therefore, none of inner points in the arc ∂∆ ∩ ∂E is a substantial boundary points for [ The following two corollaries follow from the proof of two cases above separately. 
